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' Abstract. We prove new bilinear estimates for the Jf^'''(IR^) spaces which are optimal up to endpoints. 

These estimates are often used in the theory of nonlinear Dirac equations on R^+^. The proof of the 
bilinear estimates follows from a dyadic decomposition in the spirit of Tao |21l and D'Ancona, Foschi, 
and Selberg 11 . As an application, by using the /-method of CoUiander, Keel, Staffilani, Takaoka, and 
■ Tao, we extend the work of Tesfahun |23| on global existence below the charge class for the Dirac-Klein- 

Gordon equation on R^+-'^. 
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^1 1. Introduction 

We consider the problem of proving bilinear estimates in the Bourgain-Klainerman-Machedon type 
spaces on M^, where we define the spaces via the norm 

e,. = ||(r±0''(0>(^,OllL^.(R^) 



with (■) = VT+FF- These spaces have been used in the low regularity theory of various nonlinear Dirac 
equations in one space dimension, |141 [20]. as well as the Dirac-Klein-Gordon (DKG) system [T7j[T9]. 
Though recently, product Sobolev spaces based on the null coordinates a; ± i have also proved useful 
[6j [16]. In applications of the X^'^ spaces to low regularity well-posedness, we often require product 
estimates of the form 

\\uv\\ -s,,-H <\\u\\^s^m\\v\\xs^.h (1) 

±1 ±2 ±3 
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where Sj,bj £ M and ±j are independent choices of ±. A number of estimates of this form, for specific 
values of sj and bj, have appeared previously in the literature [131 [IHl HO] • The case where ±i = ±2 = ±3 
is not particularly interesting, as a simple change of variables reduces ([1]) to two applications of the 
1-dimensional Sobolev product estimate 



Thus leading to the condition 



\\f9\\H-^u 



< 



\9\\h-3( 



and 



bj +bk>0, 



Sk > 0, 



61 + 62 + 63 > - 



Sl + S2 + S3 > - 



(2) 



(3) 



where j ^ k. On the other hand, if we have ±1 = ±2 = ± and ±3 = =F, then we can make significant 
improvements over This observation allows one to exploit the null structure that is often found in 
nonlinear hyperbolic systems in one dimension, see for instance |20) . 

To state our first result we use the following conventions. For a set of real numbers {ai, 02, 03}, we let 
o^max = maxi ai, amin = mini Oi, and use amed to denote the median. If a G M then we define 



a+ 



a > 



We state our product estimate in the dual form. 
Theorem 1. Let Sj , bj ^ R, j — 1,2,3 satisfy 



and for k G {1,2} 



The 



bi + b2+b3>-, bj+bk>0, 
2 



Sl +S2 ^ 0, 

Sfe + S3 > i - 61 - 62 - 63, 
Sl + S2 + S3 > ^ - 63, 



Sl + S2 + S3 > ( - - b„ 



(j k) 



2 bmed 



- b„ 



Tl-^l1pjit,x)dxdt < ||V^l||^ = l,bi||?A2|lx--2,''2|lV'3|lx = 3.''3- 



Moreover the conditions ^ and 0) are sharp up to equality. 



(4) 



(5) 



(6) 



^For the sake of exposition, we are ignoring the endpoint cases. The sharp result allows one of the inequalities in l(2]l to 
replaced with an equality, a similar comment applies to the condition 
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Remark 1. There are cases where we can aUow equahty in or ([5]), for instance the case 



Sl = S2 = S3 = 0, 



6i = 0, 62 63 = ^ + e 



holds [19, Corollary 1]. We have not attempted to list or prove the endpoint cases here, as this would 
significantly complicate the statement of Theorem[T] Additionally, Theorem[T]is sufficient for our intended 
application to global well-posedness for the Dirac-Klein-Gordon equation. 

Define the Wave-Sobolev spaces i?'*'^ by using the norm 

MH^^^ = \\{\T\-m)'{0'^ir,o\\Li^im- 

Then as a simple corollary to Theorem [T] we can replace one of the X^^ norms on the righthand side of 
^ with a H'^-^ norm. 

Corollary 2. Let r, si, S2, bj £ M, j = 1, 2, 3 satisfy 



id for k G {1,2} 



fei + 62 + &3 > ^, 



Sk+r-^ 0, 

Sk+r > -bmin 

Si + S2 > —bmin, 

1 ^ 
Si + S2 > - - Oi 

Si + S2 + r > i - 6fe, 



Sl + S2 + r > - b,nax 



bj +bk>0, {j ^ k) 



2 bmed 



- bn 



The 



Tl^^iipjit,x)dxdt < IIV^ill ai,t,i ||V'2|U»2.i'2 llV'allff'-.f'a- 



Proof. We decompose tp^ into the regions {(r, ^) G K^+^ | ± ^ 0} and observe that on the first region 
(|r| — 1^1) — (t — ^) while in the second region (|t| — ~ (r + ^). The corollary now follows from two 
applications of Theorem [T] □ 

Remark 2. This result should be compared to the similar estimates contained in [H] and [53]. Also we 
note that the decomposition used in the proof of Corollary [2] can be used to give bilinear estimates in 
the Wave-Sobolev spaces H^'^, thus giving an alternative (though closely related) proof of Theorem 7.1 
in [To] (up to endpoints). 

The second main result contained in this article concerns the global existence problem for the DKG 
equation on The DKG equation can be written as 

(7) 

(-□ + m2)0= (7V,V')c2 

with initial data 



(8) 
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for some values oi s,r e R. The d'Alembertian is defined by □ = —df + and we take the standard 
representation of the Dirac matrices 




The Dirac spinor ■0 G C^, and the real- valued scalar field (/> G R, are functions of {t,x) G R^+^. The 
notation (•, •)£2 refers to the standard inner product on C^, and m,M G R are constants. 

There are two main features of the DKG equation ([7]) which we wish to highlight here. The first 
feature concerns the conservation of charge which can be stated as follows: if cj)) is a smooth solution 
to (O with sufficient decay at infinity, then for all times i G R we have 

m)\\L^ = \\m\\L^- (9) 

The conservation of charge is crucial in controlling the global behaviour of the solution (?/>, (/)). The second 
feature we would like to note is that the nonlinearity in the DKG equation has null structure. Roughly 
speaking, this refers to the fact that the nonlinear terms in ([7]) behave significantly better than generic 
products. The null structure is a crucial component in the low regularity existence theory for the DKG 
equation and has been used by a number of authors [3 [T2j [151 HZl US] • The observation that null structure 
can be used to improve local existence results for nonlinear wave equations is due to Klainerman and 
Machedon in [13]. 

The question of local well-posedness (LWP) for the DKG equation was first considered by Chadam 
[7] . Subsequently, much progress has been made by numerous authors [5j [12l [13 [TT] [19] . The best result 
to date is due to Machihara, Nakanishi, and Tsugawa [16] where it was shown that ([7|) with initial data 
dHj) is locally well-posed provided 

s>-i, |s|<rs;s + l. 

Moreover, this region is essentially sharp, except possibly at the endpoint s = — i. More precisely, out- 
side this region the solution map is either ill-posed, or fails to be twice diffcrcntiable, see [TB] for a more 
precise statement. 

In the current article we are interested in the minimum regularity required on the initial data ^ to 
ensure that the corresponding local in time solution (ip, (p) to ([7|) can be extended globally in time. Global 
well-posedness (GWP) in the high regularity case s — r = 1 was first proven by Chadam |7], this was 
then progressively lowered to s ^ by a number of authors [S] [4j [7j [121 [12] by exploiting the conservation 
of charge © together with the local well-posedness theory. The first result below the charge class was 
due to Selberg [15] where it was shown that the DKG equation is GWP in the regior@ 

-■^ < s < 0, -s + \/s'^ - s < r ^ s + 1. 
8 

Note that when s < 0, the conservation of charge cannot be used directly since ip ^ L'^, thus the problem 
of global existence is significantly more difficult. Instead Selberg made use of the Fourier truncation 
method of Bourgain [2], which allows one to take initial data just below a conserved quantity. There is a 
difficulty in directly applying this method to the DKG equation however, as there is no conservation law 

■^Note that this also gives GWP in the region s>0, |s|s;rs;s + lby persistence of regularity, see for instance 1191 . 
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r 




Figure 1 . Global well-posedness holds in the shaded region by Theorem |3l Local 
well-posedness holds inside the the lines t" = |s| and r = s + 1 for s > ^ by [TB] . 



for the scalar (j). Instead, one needs to exploit the fact the nonlinearity for (p depends only on the spinor 
iIj. Thus, as we have control over tp via the conservation of charge, we should be able to estimate the 
growth of (j). This strategy was implemented by Selberg via an induction argument involving the cascade 
of free waves. 

Currently, the best result for GWP for the DKG equation is due to Tesfahun [53] where the GWP 
region of Selberg was extended to 

1 



-- < s < 0, 



+ \/s^ — s < r ^ s + 1 . 



The improvement comes from applying the /-method of CoUiander, Keel, Staffilani, Takaoka, and Tao, 
see for instance [S] for an introduction to the /-method. In the current article, we prove the following. 

Theorem 3. The DKG equation ^ is globally well-posed for initial data ■00 G H'' , {(po, (pi) E x H''~^ 
provided 



-- < s < 0, 
6 



1 

s 

4 



1\2 

s — s < r ^ s 



1. 



The proof of Theorem [3] follows the argument used in [23] together with the bilinear estimates in 
Theorem [TJ More precisely, we use the /-method together with the induction on free waves approach 
of Selberg. The main idea, following the usual /-method, is to define a mild smoothing operator / such 
that, firstly, for some large constant A^, we have the estimate 



II//II 



L2( 



<iV"1l/lk^(M) <iV-11//ll 



L2. 



(10) 



Secondly, we require / to be the identity on low frequencies. We then try to estimate the growth of 
||/?/'(i)||^2 in terms of t. It turns out that despite the fact that lip no longer solves the DKG equation, 
there is sufficient cancelation of frequencies to ensure that the charge ||/';/'(t) 11^2 is almost conserved. This 
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almost conservation property follows from the usual proof of the conservation of charge, together with 
a number of applications of Theorem [TJ Thus we can estimate the growth of ||/fs from (|10p . The 
induction on free waves approach of Selberg then allows us to control the scalar field and completes 
the proof of Theorem [3l 

We now give a brief outline of this article. In Section [21 we recall some properties of the X^''' and H^'^ 
spaces which we require in the proof of Theorem [3] The proof of Theorem [3] is contained in Section [3l 
In Section 0] we prove that the conditions in Theorem [T] are sufficient for the estimate ^ . Finally, the 
counter examples showing that Theorem [T] is sharp up to equality are contained in Section [5] 

Notation: The Fourier transform on M of a function / G L^(M) is denoted by /(^) = J^^ f{x)e~^'^^dx. 
We use the notation /(r, ^) for the space-time Fourier transform of a function f{t, x) on R^+^. We write 
a < 6 if there is some constant C, independent of the variables under consideration, such that a ^ Cb. If 
we wish to make explicit that the constant C depends on S we write a <s b. Occasionally we write a <^ b 
if C < 1. We use a « 5 to denote the inequalities a < b and b < a. 

All sums such as f{N) are over dyadic numbers N e 2^. Given dyadic variables Ni, N2, G 2^, 
we use the short hand 

E - E E E • 

W,„a.~Af™ed N^a^£2« N^,j£2" N^,„£2'" 

We let lo denote the characteristic function of the set ft, we occasionally abuse notation and write IL|j;|~Ar 
instead of Il{|a;|~Ar}. The standard Sobolev space is defined as the completion of using the norm 

If li is a function of {t, x) G M}^^ we use the notation 

\\u[t]\\H^ = \\u{t)\\H^ + \\dtu{t)\\Hs-.. 

To handle solutions to the wave equation, we make use of the Banach space T-V'^ defined via the norm 

\W\\w.^ = II'^IIh'-^'' + \\dM\H—^'^- 

The proof of Theorem [3] requires the use of the local in time versions of the and T-T'^ spaces. Let 
S'at = [0, AT] X M. We define X^'" (S'at) by restricting elements of X'jf to 

5'at- More precisely, 



x^sat) = xr/{f e xr I /Is.. = 0}. 



The local in time space X^^{Sat) is a Banach space with norm 

"^"X± (Sat) u=ip on S&t ^± 

If > 5, then we have the continuous embedding X^^{Sat) C C([0, AT], i/'*) . We define the Banach 
spaces 'H^'''{Sat) similarly and note that, if & > i, then we have the continuous embedding W'''{Sat) C 
C([0, AT] , iJ*-) n Ci ([0, AT], iJ'-i) . 
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2. Linear Estimates 



Here we briefly recall some of the important properties of the X^^ and H^''^ spaces which we make use 
of in the proof of Theorem [3l for more details we refer the reader to [9] and [22] . We start by recalling 
some properties of the localised spaces X^^{Sat)- 

Lemma 4. LetseR,0<AT< 1, and v e C(f (K). // -5 < 6i < &2 < 5 th 



en 



Consequently, we have ||m|1^s.6, ,„ , < AT^^ ''Ml^^ll ^='''2/0 Moreover if <b < ^ then 

(oat) ± (oat) ^ 



l|l[0,AT]Ww|lxj'' ^ ll"lljfj''(SAT) 



with constant independent of AT. 



Proof. The first conclusion is well known and can be found in, for instance, [22] . The second conclusion is 
perhaps not as well known and for the convenience of the reader we include the proof here. The definition 



of X^''{Sat) together with a change of variables on the frequency side shows that is suffices to prove 



l[O,AT](0/ll-ff'' 



< 



By duality we may assume that < 6 < | . Then by a well-known characterisation of the Sobolev spaces 
i/*, (see for instance [I]) we have 

|l[0,AT]W/W-l[0,ATl(t')/(<')l' 



|l[0,AT]/llif'> ~ I|1[0,AT]/IIl 



< 



< 



\H>' 



|t-t'|l+2'' 
AT .AT|^^(^)_^(^,)|2 







AT 



|i-t'|l+2'' 

l-f +/|l+2b 



dtdt' + 2 
dt'dt. 



-dtdt' 

l/(t)P 

moAT] \t-t'\^+^b 



dt'dt 



To complete the proof we use Hardy's inequality (see for instance [22', Lemma A. 2]) together with the 
assumption < 6 < i to deduce that 



AT 



tV[0,AT] 



\t-t'\^+^>' 



dt'dt < 



f^^ / 1 



1 



It- AT 



2b 



dt 



fit) 


2 

+ 


fit) 


2 


\t\' 


L2 


\t-AT\>> 


L2 



< 

< 11/112 



II/IIh- 



□ 



To control the solution to the Dirac equation we make use of the energy estimate for the X^ spaces. 

Lemma 5. Let s e R, b > \, and < AT < 1. Suppose f G W , F G X"^''^^ {S at) , and let u he the 
solution to 

dtu ± dxU — F 
u{0) = /. 



Then u G X^{Sat) and we have the estimate 



XJ''(Sat) 



< 



\f\\H^^ 



XJ'-^(Sat)- 
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We also require the i/''"'' versions of the above resuhs. 
Lemma 6. Letr eR, < AT < I, and v e Cg°{R). Then i/ -5 < fei ^ 62 < ^ we have 

\i^{^)u{t,x)\\^^^^^<AT>'^'''^\\u\\H.,,. 
Consequently, we have (g^^) < AT^'^-^i ||u||^r,b2(s^^). 

Lemma 7. Let r e b > ^, < AT < 1, and m e R. Suppose f G H'' , g G and F G 

w(0) = /, atu(O) = g. 
Then u G W'''(S'at) a?*'^ w'e /laue f/ie estimate 

I|w||w.''(Sat) < ll/lli^'- + llffllff'-i + WPWh-^.o-HS^t)- 

Proof. See [23]. □ 

3. Global Well-Posedness for the Dirac-Klein-Gordon Equation 

We are now ready to consider the proof of global well-posedness for the DKG equation. To uncover 
the null structure for the DKG equation, we let if) = {tpj^,ip„)'^ . Then the DKG equation ([7]) can be 
written as 

(11) 

= m2(/) - 23fi(i/'+V'-) 

with initial data 

V'±(o) = /± Gi^^ </)(o) - (/-o G i^^ dtm = <l>i&H^~'- (12) 

Note that the right hand side of (1111) has the bilinear product ip-^ijj^^ which, as we have seen in Theorem 
[U behaves significantly better than the corresponding product with H — h. The H — structure can also 
be seen in the term 4'il)± via a duality argument il9 . These are the key observations used in the local 
well-posedness theory for the DKG equation. 

To prove the global well-posedness result of Theorem [3l by the local well-posedness result in [19] , it 
suffices to prove that the data norms ||V'±(T')I|h=: remain finite for all large times < T < 00. 

To this end, we make use of the /-method together with ideas from ^18j and [23]. Let po G C°° be even, 
decreasing, and satisfy 

'1 1^1 <1 

ler 1^1 > 2. 



Let p(^) = Poi^'N^ ^'^^ define the / operator by Iip{£,) = p(C)V'(C)- We have the following straightforward 
estimates. Firstly, since s < 0, we have for any cr G M, 

\\f\\H^<\\If\U-^<N-'\\f\\H^. (13) 
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In particular, by taking u = 0, we observe that to obtain control over it suffices to estimate 

||/'(/;(t)||i2 . Secondly, if supp g C {|^| > N}, s < 0, and si < S2, then we can trade regularity for decay 
in terms of N, 

ll.9llifn <iV^^-^=||g||H=. «iV«^-^^+1|/g||ff=.-.. (14) 

Thirdly, we note that the / operator is the identity on low frequencies, so if supp / C {|^| < N} then 
If~f. Finally, if / is real- valued, then // is also real- valued since p was assumed to be even. 
The /-method proceeds as follows. Assume we have a local solution 

4>± e C([0,Ar],i/^), 0eC([O,AT],i/'-)nCi([O,AT],F'^-i) 

to ([TT|) . ([T2|) . Note that from (fTB]) we have Iip{t) £ L^. We would like to use the conservation of charge 
to control ||/?/'(t)||i2 . However lip is no longer a solution to (fTT|) and so we can not expect to 
be conserved. Despite this, if we follow the proof of conservation of charge, then 

dt [ \Iip+{t)\^ + \Iip-{t)\^dx = 2^( I 'hp^dtlip+ +hp_dtl'4'-dx 
Jr 

= 23? 



\Jr 



= 2^\^i J IiP^I{(j)iP_)+IiP_dtIi(j)ij+)dxj. (15) 
Now as (j) is real- valued, is also real- valued and hence 

Subtracting this term from (jlSp and using the fundamental theorem of Calculus then gives 

sup {W+{t')\\l. + W-{t')\\l.) < + iLMli. 

t'e[o,AT] 



2V sup I I {l{(j>'ilj±) - I^(f>Iilj±)lij^dxdt . (16) 
J. t'G[0,AT] Jo Jm 



Thus provided we can show the last term in (1161) is small, we can deduce that over a small time [0, AT], 
||/?/'±(t) 11^2 does not grow to large. The first step in this direction is the following. 

Lemma 8. Let ^ < s < and — s < r 1 + 2s. Assume b — ^ + e with e > sufficiently small. Then 
for any AT <C 1, iV ^ 1 iwe have 
ft' 

sup 
t'e[o,AT] 







(/(0u) - l'^(j)Iu)lvdxdt 

^AT^-2^iV2-'-+2i/20||^.-2..(,,,)||/^||^o.(,^^)||/.||^o,.(,^^) (17) 

where Sat = [0, AT] x M. 

Proof. See Subsection 13.11 below. □ 



Remark 3. The use of 7^0 instead of just (f> or 70 on the right hand side of (jl7p may require some 
explanation. Roughly speaking, the larger the negative exponent on N in (fTT]). the better the eventual 
GWP result will be. Moreover, an examination of the proof of Lemma [8] shows that the exponent on 
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N depends entirely on the number of derivatives on 0. In other words, we could replace the term 
N'^^^^\\P(j)\\H^-2s,b with N''^^^\\l''(f)\\Hr-ks.b for any fc G N (provided r - fcs ^ 1). However, the size of </> 
with respect to N ends up being of the order N"'^". This follows by observing that schematically is a 
solution to = and by ([T3l) . the low frequency component of ip'^ is essentially of size N^'^'^. Thus 
it is natural to take 7^0, which via (fT3|) . also has size roughly A^~^*. 

Remark 4. The powers of AT and N on the right hand side of (jl7|) are essentially sharp if we are working 
in the spaces X^^, H'^'^. This follows from the counter examples in Section [5] together with a scaling 
argument. 

Lemma [5] allows us to estimate the growth of |1-/^V'±(0IIl2 [0; ^T], provided that we can control the 
size of the norms ll^V'i IIx'''''(Sat) ^^'^ I1-^^'/'IIh'-2= ''(Sat)- This control is provided by a modification of 
the usual local well-posedness theory. 

Lemma 9. Let ^ < s < 0, — s < r i + 2s, and b = ^ + e with e > sufficiently small. Assume 
f± e and (j)[0] £ iJ'' x H"-^. Choose AT < 1 and > 1 such that 

(^/:^Th+r-2s-3e ^ ^-r+2s+2e^ \\I^4>[0] \\h^-2s < 1 (18) 

and 



(at^- 



Then the Dirac- Klein- Gordon equation 111]) with initial data (T^ is locally well-posed on the domain 
Sat — [0, AT] x R. Moreover, the solution (ijj, (j)) satisfies 

and 

Proof. See Subsection 13.21 below. □ 



Remark 5. Note that since ||/^(/)[0] ||/fr-23 < N by choosing N sufficiently large and AT sufficiently 
small, we can ensure that the inequality ()18p is satisfied. A similar comment applies to (|19p . 



Remark 6. The reason that we can extend the work of Tesfahun |23| is due to the conclusions in Lemma 
island Lemma [9l In more detail. Lemma |8] improves |23[ Lemma 8] by adding a power of AT on the right 
hand side of (fT7|) . Since AT will be taken small, this is a significant gain. Similarly, Lemma [9] extends 
p3l Theorem 8] by having a larger exponent on AT in (fTS]). As a consequence, we can take AT larger, 
which improves the eventual GWP result. The point here is that the larger AT becomes, the fewer time 
steps of length AT are required to reach a large time T. 

We now follow the argument used in [23] and sketch the proof of Theorem [3l The persistence of 
regularity result in [191 shows that it suffices to prove GWP in the case 



1 1 // 1\2 1 

--<s<0, s-- + s^[s--) -s<r<- + 2s. (20) 



Note that this region is non-empty as the intersection of the curves s — | + \j (^s — — s and + 2s 



occurs at s = — i. 
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Choose some large time T > and assume e > is small. Let N be some large fixed constant to 
be chosen later depending on the initial data ||V-'(0) 11^= and ||0[O]||//r, as well as the various constants 
appearing in Lemma [8] and Lemma |9l Take AT — ]\[ i+2r-is-6, . If iV is sufficiently large then from (1131) 

fAT^+'-2''-3^ + Ar-'-+2^+2^')||/2^[0]||^._., < 1 



ATi-^ + N-^+^^ ] ( + ||//_|U2 ) « 1 



2 



Therefore by Lemma [9] we get a solution {ip,(f>) to ([TT|) on [0,AT]. We would now like to repeat this 
argument times to advance to the time T. The only obstruction is the possible growth of the 
norms ||/?/'±(OIIl^ ^.nd || ^^^-2= . Our aim is to use Lemma (|8]) to show that ||/?/'±(i)l|L2 is "almost 

conserved" and consequently obtain large time control over the norm ||/'(/;±(t)||i2. This is accomplished 
by using an induction argument as follows. 

Assume n < and suppose we have a solution {ip, (f)) on [0, nAT] with the bounds 

sup (||jv+wili2 + i|/^-Wlli2) «;2i|//+i|2, +2||//_i|2, (21) 

and 

sup ||/^0MI|^.-2. ^ c*(\\i^m\\Hr^^ + {¥f+\\Li + (22) 

te[0,nAT] ^ ' 

where the constant C* is some large constant independent of N , AT, and n. If N is sufhciently large, 
depending on C* and the initial data ||/±l|_ys, l|0[O]||//r, then we can apply Lemma IHl with initial data 
tp{nAT), (^(nAT), dt4>{nAT)) , and extend the solution to [0, {n + 1)AT]. Suppose we could show that 
the bounds (|2T|) and ((22)) on [0,nAT] implied that they also hold on the larger interval [0, {n + l)Ar] 
with the same constant C* . Then by induction we would have (|2ip and (P^ on [0,T]. Since T was 
arbitrary, Theorem [3] would follow. Thus it suffices to verify the estimates (PT|) and ([^^ on the interval 
[0, (n + l)Ar]. We break this into two parts, proving the bound on ||/V'±(^)I|l2, and then estimating 

||/2</>[t]||^.-2e. 



Bound on the Spinor ip±. Let 

r(z)= sup (\\i^j+{t)\\l. + \\i4'-mh). 

Note that the bounds dH]) and dH]) imply that 

r(nAr) s; an-^" 



sup 11^.-2. s;b7V 

t£[0,nAT] 



^2s (23) 



where A and B depend on the initial data, the constant C*, and T, but are independent of n, N, and 
AT. If we now combine Lemma [51 Lemma [HI together with (fTO)) we obtain the following control on the 
growth of T{t). 

Corollary 10 (Almost conservation law). Let ^ < s < and —s<r^^ + 2s and 6 = i + e with e > 
sufficiently small. Suppose 

AT — N l + 2t-4/-6£ 

and we have the bounds I123\). Then provided N is sufficiently large, 

r(AT) ^ r(o) + CAT^~2'iv-''+2'(A + B)r(o). 
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Proof. By Lemma [SI Lemma [HI and it suffices to show that 

i+^_2s-3e^~2s^ + Ar-''+2^S < 1 

and 

4s-2e 

However these inequahties fonow provided AT — ]\[i+2r—is-6t and we choose N sufficiently large. □ 
We can now iterate the previous corollary to get control over r{t) at time (n + l)Ar 

r((7i + i)Ar) r(o) + CnAT^"^''N-''+'^''{A + B)r(o). 

Since the number of steps n < we get 

r((n + 1)AT) r(0) + CTAT~^-^'N-''+^%A + B)T{0). 

We want to make the coefficient of the second term small. Thus we need to ensure that, using the 
requirement on AT in CoroUarv llOl 

CTAT-3-2£^-r+2£(^ + B) « jv 'i+2"-i?-6'' -'-+2^ < I. (24) 

By choosing N large, and e > sufficiently small, we see that (|24l) will follow provided —2s — r(l + 2r — 
4s) < 0. Rearranging, we get the quadratic polynomial 2r^ + (1 — 4s)r + 2s > and so we need 



s-i + ^(s-i) -s<r. 
Therefore, provided we choose N large enough, depending on T, A, and B, we get 

r((n + i)Ar) 2r(o) 

as required. 

Bound on ip. Recall that our goal was to show that, if the bounds (|^T|) and (1^^ hold for t <E [0, nAT], 
then in fact they also held on the larger domain [0, (n + l)Ar] (with the same constants). The bound 
for ||/'0±IIl2 was obtained above. Thus it remains to bound ||^r-23 on the interval [0,(n + l)AT]. 

The argument that gives the required bound makes use of an idea due to Selberg in 18, on induction of 
free waves. The idea is to break into a sum of homogeneous waves, together with an inhomogeneous 
term and then use an induction argument to estimate the contribution that each of these homogeneous 
waves makes to the size of ||/^(}!)[t]||fl'r-2a. We note that this idea was also used in [23] . 

We begin by observing that the induction assumptions ([?T|) and together with Lemma [H| give for 
every ^ j ^ n 

||/^+||^o,.(^^.) + \\I4'-\\^o_..^s,) ^ C^{\\If+\\Li + Wlf-hl) (25) 

where Sj — [jAT, (j + 1)AT] and the constant Ci is independent of C*, j, n, N, and AT. Suppose we 
could show that (|25|) implies that 

sup \\l'mH'-^s ^C2(\\l'm\\Hr'^ + (\\If+\\Ll + \\If-\\LlY). (26) 
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Then by taking C* = C2 we see that the bound ^ holds for t e [0, {n + 1)AT]. Thus by induction, 
together with the fact that the constants in (PT|) and (|22p are independent of n, we would obtain control 
over the solution on [0,r] and Theorem [3] would follow. 

We now show that ([SS]) implies (|26|) . We make use of the following result which is a variant of a 
corresponding result in (23) . 



Lemma 11. Let m e M, < AT < 1, ^ < s < 0, < r < i + 2s, and b> ^. Assume u G X^'''(S'at) 
and V G ^1'''(S'at)- Then there exists a unique solution $ G H^'^{Sat) to 

$(0) = at$(o) = 0. 

on Sat ~ [0, AT] x R. Moreover we have 

sup ||/2<DM||^.-.. < (AT + 7V-^+2^)||/u||^o,.(5^^)||/t;||^o,.(5^^). (27) 

Proof. The existence / uniqueness claim follows from Lemma [7] together with an application of Theorem 
[TJ To prove (P7)) we write <i> = $1 + $2 where 

□ $1 = ^{uiowVlow) + m^'^i 

$1(0) =0, at$i(0) = 0. 

and uuZ] = lici ^nw, tt^^, = liti ,]vw. The standard representation of solutions to the Klein-Gordon 
equation, together with the Sobolev product law and the observation that I"^ (uiowViow) — uiowViow, gives 

sup 11^.-2. < / \\uion,{t)vion,{t)\\fjr-2s-ldt 

tG[0,AT] " JQ 

l-AT 

< / \\uiow{t)\\L2\\viow{t)\\L2dt 

Jo 

< Ar||/u||^o,.(5^^)||/w||^o,6(g^^). 

To bound the remaining term, <i>2, we note that by the energy estimate for H'^'^ spaces in Lemma [7l 

sup ||/2$2M||^.-2. < ||/2<i>2||„.-2.,.(s^,) 
tG[0,AT] 

< \\l'^{uv - W;oii.W/ou))||/f'-2=-i,6-i(S^y) 

where Uhi — u — ujoio is the high frequency component of u, v^i is defined similarly, and we used the 
assumption r < ^ + 2s. By Corollary [2] we have the estimate 

UiM^-h^-^ ^ ll^ill _i_.,+2,..||V'2||^=i,^ (29) 

for ^ < si 0. To control the first term in (gH]) we use with si = -i + 2e together with ([H]) to 
obtain 

llwio^fwll^- 1,6-1(5^^) < \\uiow\\x'l-»is^T)\\'"'''\\x-i^"-\s^T) 
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A similar application of ([29]) allows us to estimate the second term in (|28p . Finally, for the last term in 
(Pg)) we use HH) and with si = s to deduce that 

where we needed — ^ — s + 2e ^ s which holds provided s > —j and e sufficiently small. 

□ 

We now have the necessary results to control the growth of || j/r-2a . Let ^ j ^ n and define 

(/(j"'' to be the solution to 

2,(0) 

□ 0;- ' =m <p) ' 

(30) 

0f (jAT) = 0(jAr), (jAT) = at0(jAr). 

Let $j = (/) — 0^°^ be the inhomogeneous component of cj). The inequality (f25|) together with Lemma fTD 
and the assumption AT = N ^+^^~*'-<>' , shows that for every ^ j ^ n 

sup < Ar(||//+|U. + ||//_IU.)'. (31) 

t6bAT,(i+l)AT] 

We now claim that for 1 ^ j ^ ?i we have the estimate 

sup ||/^0f Wll^.- sup \\i'4,f\mHr-^^+CAT{\\iUU. + \\if^h.y. (32) 

tG[0,(n+l)AT] tG[0,(n+l)AT] 

Assume for the moment that ((32|) holds. Then after n applications of (|32|) . together with the standard 
energy inequality for the homogeneous wave equation, we obtain 

sup ||/^<^i°)W||^j-.. sup \\l'4'\t]\\^.-.s+CnAT{\\IUU. + \\If-h^f 

«G[0,(n+l)AT] te[0,(n+l)AT] 

< ||/20[O] 11^.-2. +CnAT(||//+|U2 + Wlf-hlY. (33) 
If we now combine pip and ([SS)) we see that since n < 

sup 11^.-2. ^ sup [i] 11^.-2. + sup ||/2<i>„[f]||^.^2. 

te[nAT,(n+l)AT] " tG [nAT, (n+1) AT] te[riAT,(n+l)AT] 

< ||/20[O]||^j-2. + (n+ 1)At(||//+|U. + 
<||/20[O]||^..-.. + (||//+|U. + ||//-|U.)' 

where the implied constant is independent of TV, C* , and AT. Thus we obtain (j26p as required. 
It only remains to prove ([5^ . We begin by observing that 

(0f ) - c^f\){jAT) ^ 4>{jAT) <f>f\{jAT) ^ <i>,-i(jAT). 

Hence the difference 0^°'' — <i>flx satisfies the equation 

□ (0f -0f_\) = ^^(0f -0(°)J 

(•^f -'^f-M(j-AT)-$,-i(j-AT), 

5t(<^f - 4f\){3^T) = 9t$,_i(jAr). 
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Therefore 

sup wi'q^fmj^,--.. ^ sup \\i'cbf}M\Hr^^+ ll^'('^f -'^5-i)WII«r- 

te[0,(n+l)AT] te[0,(n+l)AT] te[0,(n+l)AT] 

sc: sup ll/VfiMllnr- +^11*^-1 [^'^^llli^r- 

te[0,(«+l)AT] 

and so (|32|) folfows from ([3T|) . Consequently, we deduce that the induction assumptions ([2T|) and ([22]) 
hold on the larger interval [0, {n + l)Ar] and hence Theorem |3] follows. 

3.1. Proof of Lemma H Let Q{f,g) = I{fg) - Pflg. Note that 

An application of Cauchy-Schwarz together with Lemma |4] gives 

{I{<f>u)-I^^lu)7^dxdt < \\l[0M]Q{<f>,u)\\ o^_i^^\\Iv\\ 

< \\Q((h,u)\\ i+. 1 . 

Thus, by the definition of X^^{Sat), it suffices to prove that 

||Q(0,u)l| 1^ < AT^-2^iV2-'-+2e||j2^||^^_,^,,||j^|| (34) 

where we may assume that cj) and u are supported in [—AT, 2 AT] x R. Note that since the / operator only 
acts on the spatial variable x, I^4> and lu are also supported in [—AT, 2AT] x K. Write (j) = (plow + 
and u = uiow + Uhi where, as in the proof of Lemma [TTl we define (plow — 0, and uiow is defined 

similarly. We consider each of the possible interactions separately. 

• Case 1 ( low-low). In this case we simply note that (3(0, u) —Q and hence ([M)) holds trivially. 

• Case 2 ( low-hi). We need to use the smoothing property of the bilinear form Q{(j)^ u) to transfer 
a derivative from plow to um- More precisely, suppose |C ~ J?! < and \ri\ > ^. Then since p'{z) < 
7V-"|z|"-i for \z\ > f we have 

W)-p{^-ri?P{r})\ = W)-p{r})\ 

<N-'\rir'\i-v\ 

1^1 

provided r — 2s < 1. Hence 

\Q{4^UM){T,i)\ < I \i-f^Y-^'\4>low{T-\i-T^M--+^'p{r^)\uM{XMd\dT^- 

Thus we can move the derivative |V|''^^'* from um to (f)iow, where we let (|V|''/)(^) = This is 

the essential step which allows us to prove (p4| in the low-hi case. We now apply ([T4|) and Theorem [1] 
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with Si = S2 — 0, S3 = 2e, 61 = i — e, 62 0, and — b to obtain 

\\Q{(l)low,Uhi)\\ < |||Vr"2''0;o„|Vr''+2''/uw|| o.-i + . 

(Sat) 

II II -t^t.x II II ^_|_ 

where we used the assumption supp (p C {[—AT, 2AT] x K}. 

• Case 3 ( hi-low). In this case we do not have to transfer any regularity and we simply use the 
estimate p{£,) — p{£, — il)'^p{v) S 1- Then together with an identical application of Theorem[T]to the 
low-hi case gives 



< 



< ATS Ar2^-'-+2^ WMxO^t 
where as before, we used the assumption supp (j) ^ {[^'^T, 2AT] x M}. 

• Case 4 ( hi-hi). This is the most difBcult case and we need to make full use of the generality of 
Theorem [1] to obtain the term AT^^'. We decompose — (j>'^- + (j)^^ where 

is the restriction of iphi to the second and fourth quadrants of M^"*"^. Note that ^ ||(/>||^s.6. 

Assume that we have ± = +, =F = — in p4p . it will be clear that the proof will also apply to the ± = — , 
=F = + case. 

• Case 4a {hi-hi +). As in hi-low case we start by discarding the smoothing multiplier Q. We now 
apply Theorem [1] with si = — s + 2e, S2 — s, S3 = 0, 61 = 62 = -j, and 63 = i — e to obtain 

\ _ 



< 



X 



< Ar5-^iV2'^-^'^+2^ ||/2^||^^_,^ , , 

where we needed — s < r, e > sufficiently small, and in the final line we used the assumption that <j)^ u, 
are compactly supported in the interval [— AT, 2Ar] together with Lemma |4] and Lemma [H 
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• Case 4b ( hi-hi — ). Here we first apply Lemma HI discard the multiplier Q, and then apply 
Theorem [T] with si — 0, S2 = —s + e, S3 = s, &i = 62 = -j, and 63 = i + e to obtain 

A_ {JATJ ^_ 

where, as previously, we used the assumption on the support of (f> in the last line. 

3.2. Proof of Lemma [9l Lemma [9] follows by a standard fixed point argument using LemmajSj Lemma 
[3 and the estimates 

\\Iiuv)\\^o^.-.^^.^^^<[ATi+^-^^-'^ + N-^+^''+'^)\\lMH^^ (35) 

and 

\\l'{uv)\\Hr-2s-.,.-^s^^) < [AT^-' + N-^+'^)\\Iu\\^o^.^^^^^\\Iv\\^o_^.^,^^y (36) 
See for instance [53]. 

We start by proving psp . As in the proof of Lemma[51 we decompose u = uiow + ^hi and v = vio^+Vfii. 

• Case 1 ( low-low). We split uiow = ^tow + '"zoto where we use the same notation as in Subsection 
13. 1[ Case 4. Observe that an application of Theorem [T] gives 

n^^iV'W^'^^^ IIV'i|lx«-IIV'2|| . IIV'sll 0.1-. (37) 

provided that < r — 2s < ^ and e > is sufficiently small. Hence, using Lemma S] together with two 
applications of (|57)) we see that 

< ATS I II ,2,1 , + 2,,. WviowW 1+. 

<ArH-2.-3e||^2^||^___^^^^^^^^||^^||^^^^^^^^^_ 

• Case 2 ( low-hi). Note that Corollary [2] implies that 

ll^^llxo.-^ ^ 11^11^=1,. 11^11^=2,. (38) 

provided 

si > 0, S2>-i + e, si+S2>e. 
We now apply (pS)) with si = r — 2s, S2 2s — ?- + 2e to get 

\\Ii'^lowVhi)\\x'^>'-\S&T) ^ ll"'o«'llff'-2=-''(SAT)ll'"w|lx|=-'' + ^=-''(SAT) 

<iV2 — + 2^||/2U||^.-2.,.(,,,)||/Z;||;,0,.(,^^). 
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• Case 3 ( hi-low). An application of ([55]) with si = 2e, S2 = gives 

\\I{UhiVlow)\\ x1:>'-\S&t) ^ \\'^hi\\m-.i'(^S&T}\\'"low\\x<^>'(S&T) 

• Case 4 ( hi-hi). We apply l|55)) with si = r, S2 = — r + 2e and observe that 

||^(M/iif/ii)llx°'''-'(SAT) ^ ll^'«ll-fi"'--''(SAr)ll^'"llx-''+^'-''(SAT) 

where we used the assumption r > — s together with (|14p . 



We now prove prove p6l) . We again break u = uiow + Uhi and w = w;oiu + Vhi and consider each of the 
possible interactions separately. 

• Case 1 ( low-low). Corollary [5] together with the assumption r ~ 2s < ^ gives 

\\l'^{uiowVlow)\\H^-2s-l.b-l(_s^^-) < \\uiowVlow\\^-i,b-li^g^^^ 

< \\uiow\\x"^'lS^j,)\how\\x°j'(S^T) 

• Case 2 ( low-hi). For the remaining cases we will use the estimate 

U'P\\H-i,.-i<\mxl^^4^\\xl-^' (39) 

which follows from Corollary [5] provided 

1 1 1 

si > --, S2>--, si + S2> -- + e. 

The low-hi case now follows by taking si = 0, S2 = — | + 2e and observing that 

< \\uiow\\xl\s^T)\\^hi\\ ^-^+2,.b ^^^^^ 

• Case 3 ( hi-low). Follows by taking si = — ^ + 2e, S2 = in p9p and using an identical argument 
to the previous case. 

• Case 4 ( hi-hi). As before, we use (|39p with si = — i + 2e — s and S2 = s and apply a similar 
argument to the above cases. 

4. Bilinear Estimates 

In this section we prove Theorem[T] To help simplify the proof, we start by introducing some notation. 
Let m : X M'^ — C and consider the inequality 
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where t, ^ e M.'^, T — {^i + + = 0, ti + T2 + = 0}, and da is the surface measure on the 
hypersurface F. Without loss of generahty, we may assume fj ^ as we are using norms on the right 
hand side of (l40l) . Note that the X^^^ estimate contained in Theorem [T] can be written in the form (|40)) 
after applying Plancherel and relabeling. 

Following Tao in }21j . for a multiplier to, we use the notation ||to||[3_rxR] to denote the optimal constant 
in (HQ)) . This norm || • ||[3,kxR] was studied in detail in [IJ. We recall the following elementary properties. 
Firstly, if toi ^ TO2 then it is easy to see that || [3,rxR] ^ ll"^2|| [s.rxR] • Secondly, via Cauchy-Schwarz, 
for j, k G {1, 2, 3}, j =/= fc, we have the characteristic function estimate 

||lA(r,,0)lB(Tfe,a)ll[3,RxR] < sup |{(A,77) e A : (r-T,e-0 (41) 

(T,5)eR2 

where \ft\ denotes the measure of the set i7 C M^. We refer the reader to ^21j for a proof as well a number 
of other properties of the norm || ■ ||[3_rxR]- 
Let 

Al=Ti±^l, A2=T2±^2, A3=T3=F^3. 

Note that if (r,^) G F, then 

Ai + A2 + A3 = ±26. (42) 

Let Nj,Lj e 2^*^, j = 1,2,3, be dyadic numbers. Our aim is to decompose the and Xj variables 
dyadically, and reduce the problem of estimating ||to||[3^rxR] to trying to bound the frequency localised 
version 

together with computing a dyadic summation. Note that if we restrict \ ~ Nj, then since ^ +6 +^3 = 
we must have N^ax ~ ^med where, as in the introduction, Nmax = maxjA^i, iV2, iVs}, N,ned and 
are defined similarly. Similarly, if |Aj| ~ Lj, then (j42p implies that L„iax ~ ^Six{Lmed, Hence 

Combining these observations with results from [5T] leads to the following. 
Lemma 12. 



||to||[3,RxR] < sup m{T,0'nUiM\i,\~N,..\x,\^L,} 



[3,RxR] 



Proof. The inequality follows from the triangle inequality together with 21, Lemma 3.11]. Alternatively, 
we can just compute by hand. For ease of notation, let ajv^ = ||/il|^j|~^J|^2, 6jv2 = ll/2l|^2|«W2 lli^' 

CATg = ll/3l|53|«Af3lU2i and Ani^N2^N3 = \\'^i'^^0^j=i'^\ij\~'^j\\[3,RxR]- ^"^'^'^ ^^"^ ^^"^ ^^"^ surface F, 

we have Ci + + C3 = and so 
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Without loss of generality we may assume that Ni ^ N2 ^ and so iVi ~ For simplicity we also 
assume that A^i = N2 as the general case A^i « N2 is essentially the same. Then 



< (^SUpCjVa) (sup X! ^Ni.Ni,N3^'^aNib 

< (sup V AN,,NuN3)'n^j = l\\fj\\L^ 

Thus we have 

ll™ll[3,RxR] < sup m(T,^)ni^^ll{|5^.|«^r^.} 

To decompose the Xj variables follows an similar argument. We omit the details. 



Ni 



□ 



We now come to the proof of Theorem[T] To begin with, by taking the Fourier transform and relabeling, 
the required estimate ([6]) is equivalent to showing 



^m(r,0n,Li/,(T„0)da(r,0| <n3^i||/,L._^ (43) 



where 



Ti±a)''^(r2±6)''^(T3T6)''^' 
Note that Theorem [T] follows from the estimate ||tn||[3^RxR] < 00. Now since 



an application of Lemma fT2l shows that is suffices to estimate, for every N G 2^, 

Y Nr'N2'^Nr^ J2 ir'^i2"'^i3"'1ni^=il{|5,|«^,,|A,|«L,}lk3,MxM]. (44) 

The first step to estimate this sum is the following estimate on the size of the frequency localised multiplier. 
Lemma 13. 

||nj'=il{|5,|«w.,|A,|^L,}ll[3,RxK] <min{ivi„Li,„, Lfif. 44} 

Proof. Let / = ||n3^il{|^^|«jv,, |a,|«l,} II[3,RxK]- If we let A = 1|a,|«l,, 1^,1=^^, and B = I1|a,|*l,, l^^l^jv, 
in (j4ip . then an application of Fubini gives 

^ ^ \\^{\ij\~Nj,\>^j\~Lj}'^{\ik\~Nk, |Afc|«Lfc}||[3,RxR] 

< sup \{\Xj\^L, : |A-A,|«Lfe}|^|{|^,|«iV, : |^ - | « A^fc } | ^ 
A.feR 

< min{4 , Ll } min{iV/ , iv| } 

1 1 

and hence / < ^min-^min- other hand, another apphcation of (j4T|) together with a change of 

variables gives 

1 

^ ^ ||l{|Ai|«Li}l{|A3|~L3}ll[3,RxR] < sup |{|ri±$i|«Li : |r =F C " (n T 6 ) I ~ ^3} I ' 

T,^eR 
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A similar argument gives I L2 and hence lemma follows. □ 



We are now ready to preform the computations needed to estimate the dyadic summation p4|) . We 
split this into two parts, by computing the inner summation and then the outer summation. We note 
the following estimate 

log(6) S = 

(5 > 



i<N<b 



which we use repeatedly. Moreover, we have log(r) < r*^ for any e > and r ^ 1. 
Lemma 14. Let bj + bk > and 61 + 62 + ^3 > ^- Then for any sufficiently small e > 

^1 ^^^2 ''^L^ '"'||n'^=il{|ej|«jVj, |Aj|kLj}||[3,RxR] 

^^3 ^^min + ^^3 rain + ^^3 min ) ' 

Proof. We split into the cases Lmed ^ N3 and L,ned ^ .^3- 

• Case 1 {Ljned ^ ^3)- Since the the righthand side of Lemma [T51 does not behave symmetrically 
with respect to the sizes of the Lj, we need to decompose further into Lmax — L3 and Lmax 7^ L3. 

• Case la {Lmed ^ ^3 and Lmax 7^ -^3)- We have by Lemma fT3l 

II 3 II ^ - - 

Since the righthand side is symmetric under permutations of {1,2,3}, we may assume Li ^ L2 ^ L3. 
Then for any e > 

X] -^r'''^2"'''^3'"||nj = il{|5^.|s.Ar^.,|A,|a.L,}||[3^KxR] 

<N,'>^ E L2'^'^n{NL,Ll} E 

<^3"''^ E 4^"''^""'^log(i2)min{ivi„,4} 

+ nLNs''^^ E L^-''''-'^ (45) 

Jv„„„^L2s;jv3 

Now for the first sum in P5|) we have 

rnin 3 
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For the second sum we first consider tlie case — 63)+ — &2 > 0. Then 

~ min 3 

On the other hand if — 63)+ — 62 < we get 

nLn^'^ E < NiJ:^^^^-'^^-N-'^ log(iV3) 



^ min 3 



Together with (l45]l this then gives 



where we used the inequahty 

nLn!,^-'—^--'-^-'- < NLNr''^'^^'' + N^^—^-^'--'-^^-N^'-. (46) 

which is trivial if b„iax < \- On the other hand, if hmax ^ 5, then follows by noting that since 
hj + 6fc > we have hmed > and so 

ram Z ^ rrnn 3 ^ mm 3 

as required. 

• Case lb {Lmed ^ -^^3 and Lmax = is)- Lemma [T3l together with the assumption Lmax = L3 gives 

II ^ II i i 

TT 11 T ^ J\f 

l|-^-^J = l-^{l5il~^i. l-^jl~ij}||[3,RxR] ^ -^min^^min- 

Suppose Li ^ L2- Then 

E Lr'^i2-'^i3-''1n,Lil{|,,|.^,,|A,|«L,}||[3,«,«] (47) 

<^^L^^3"'-^ E 4^"'^'""'^log(i2) 

L2<JV3 

min 3 

for any e > 0. If we have 

NLnNi^^-''^^-''^^-'' ^ Ni-''-''-'"NL + N.'^nL + N,'--Nli-'—^-^^--'-^'^^ (48) 
then we get 
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as required. The case Li ^ L2 follows an identical argument and so it remains to show (|48p . To this end 
note that if (i — 61)+ — &2 < then we simply have 

ATS j^{{^-bl)+-b2) + -b3 _ Ar-f>3 

min 3 vain Z 

On the other hand, if (i — 61)+ — 62 0, then by using p6|) we have 

min Z min 3 

^ Alh J.Ak-brr^a^)+-b„,cd-b„^i,^ 

^ ^^min^^S 



and so we obtain 



• Case 2 {L,ned N3). In this case we have Lmax ~ Lmed and by Lemma 1131 

II 3 ~ ~ 

||nj = ll{|ej|«JVj,|Aj|«Lj}ll[3,RxE] S ^min^mm- 

Suppose Li ^ L2 ^ is- Then 

ET -bx J -b2 T -b3 j^k ^ r-fci-b2 fk-bi 

^1 ^2 ^3 ^^min^min ~ mm ^2 / , ^3 

L^a:^~L„^^d>N3 L2>N3 L3^L2 

L2>N3 

< Krh j^ii-b3) + ^bi~b2+e 
min 3 

~ min 3 

provided 61+62 + 63 > i, bj + bk > 0, and we choose e > sufficiently small. Since this argument also 
holds for all other size combinations of the Lj , we get from 



I [3,RxR] 

Lmao:~Lmed>N3 



and so lemma follows. 



□ 



We now come to the proof of Theorem [TJ 
Proof of Theorem [H By Lemma [T^ and Lemma [TJ] it suffices to estimate the sum 



sup E {^U^j^')NZ^nNs^ 



for the pairs 

61+62 + 63-i-eY 63-e], ({l~b^a.)^+{l 



'nied j ; ^miji 



where e > may be taken arbitrarily small. Let s[ — si, S2 — S2, and S3 = S3 + /5. Then we have to show 

sup E (n,LiA^r^)^™™<°°- 
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Since this summation is symmetric with respect to the Nj, we may assume A^i ^ N2 ^ N^. Then 



00 

provided s'^ + s'j, ^ and s'^ + s'2 + S3 > a. These conditions hold by the assumptions in Theorem [T] 
provided we choose e sufficiently small. 

□ 

5. Counter Examples 
Here we prove that the conditions in Theorem [1] are sharp up to equality. 
Proposition 15. Assume the estimate 0) holds. Then we must have 

hj + hk ^0, &i + 62 + &3 ^ i (49) 



and for k G {1, 2} 

si + S2 ^ 0, (50) 

Sfe + S3 ^ -6mm, (51) 

Sfc + S3 ^ i - 61 - 62 - 63, (52) 
Si + S2 + S3 ^ i - 63, (53) 

Si + S2 + S3 ^ - braa3^ ^+ - Kned) ^ ^ b,mn- (54) 

Remark 7. We note that in some regions the ± structure in ([T]) is redundant and so the counter examples 
for the Wave-Sobolev spaces used in [11] and fT9l would apply. In fact, the counterexamples in [Tl] 
already essentially show that we must have P5|) . and (|54l) . On the other hand, the conditions ([5T] - 
reflect the ± structure and thus cannot be deduced from [TT] . 



Proof. It suffices to find necessary conditions for the estimate (j33]). Moreover we may assume ± = + 
since the case ± = — follows by a reflection in the Tj variables. Let A ^ 1 be some large parameter. The 
main idea is as follows. Assume we have sets A,B,Cc M^+^ with 

\A\^\'^\ \B\^\'^\ ICI^A'^^ (55) 

Moreover, suppose that if (t2,C2) G B and (t3,^3) e C, then 

- (t2+T3,^2+£.3) ^ A (56) 

and 

(C2 + 6)-''^(6)-''M6)-^^ ^^-s^ (57) 



{t2 + T3 + 6 + 6)^^ (t-2 + 6)''^ (^3 - 

Let /i = 1^, /2 = Is, /s = Ic- Then using the conditions ([551 - [57 | we have 

/ m(T, Onf=i/, (r, , 0)da(T, > A"* / / dr3d6dT2d^: 

Therefore, assuming that the inequality holds, we must have 

I I 7 c 1 1 1 d^ -\-do-\-d-:t 
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By choosing A large, we then derive the necessary condition 

^_^d^-^-d3 (58) 

Thus it will suffice to find sets A, B, and C satisfying the conditions ([55] - [57)1 with particular values of 
S, c?i, 1^2, and ds. 

• Necessity of ()49p . We first show that bj + bk ^ 0. Since the estimate (|43|) is symmetric in bi, &2, 
it suffices to consider the pairs {j,k) e {(f,2), (f,3)}. For the first pair, we choose 

B = {\t + \\^1, I^Kl}, C-{|tK1, leKf}, A={|t-AK2, |^K2}. 

Then the conditions (1551 - [571) hold with di — d2 — — and S = bi + b2 and so from (1551) we obtain 
the necessary condition 6i + 62 0. 

On the other hand, for the pair (f , 3) we choose 

S = {|rKf, |e|«;f}, C-{|r + AKl, leKl}, A^{\t-X\^2, |e| 2}. 

Then as in the previous case, the conditions (|55l -l57 p hold with di — d2 ~ d^ ~ and (5 = 61 + 63 and so 
from ([55)1 we obtain the necessary condition 61 + 63 > 0. 

To show the second condition in (^^ is also necessary, we take 

B = {|r- 2A| sC A, |C| < 1}, C = {|t - 2A| A, |CK 1}, A = {|r + 4A| ^ 2A, |CK 2}. 
Then (|55l - [57)) hold with di = d2 = d^ = 1 and S = 61+62+^3 which leads to the condition 61+62 + ^3 ^ 5- 

• Necessity of (fSO]) . Let 

i? = {|T-AKl, le + AKl}, C = {|rKl, ICKl}, A = {|r + AK2, 1^ - A^ 2}. 
Then ((55l - [57]) hold with di = 1^2 = ^3 = and 6 = si + S2 and so we must have ((50|) . 

• Necessity of ()5ip . By symmetry we may assume fc = 1. Suppose 5mi„ = 61 and choose 

S = {|rKf, lei^l}, C = {|r-A|<l, le-AKl}, A = {|r + AK2, |e + AK 2}. 

Then ((55l - [57]) hold with di = 1^2 = ^3 = and 5 — si + S3 + bi and so we must have si + S3 + 61 ^ 0. 
On the other hand, if b„iin = &2 we let 

i3 = {|r + 2AKl, lei^l}, C = {|r-AK1, - A^ 1}, A = {|r-AK2, + AK 2}. 

Then (|551 - 1571) hold with di — d2 — d^ — and (5 — si + S3 + 62 and so we obtain the condition 

Si+S3+b2> 0. 

The final case, b^in = ^3j follows by taking 
S = {kKl, lei^l}, C = {|r-A|^l, |e + A|^f}, A = {|r + AK2, - A| ^ 2}. 
Again the conditions ([551 - [57|) hold with di — d2 — d^ ~ and S = si + S3 + 63. Hence ([5T|) is necessary. 

• Necessity of (|52p . As in the previous case, by symmetry, we may assume k = 1. Let 
B={k-A|^^, lei^l}, C={|rK^, l^-AK^}, ^={|r + AK^, le + AK^}. 
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Then ([55] - [57)) hold with ^1=^3 = 2, ^2 = 1, and 6 = Si+s^ + bi +b2 + b^. Thus we obtain the necessary 
condition ([5^ . 



Necessity of ([53]). In this case we choose 
A 



Then a simple computation shows that (|55l - [57|) hold with di — d2 — = 1, and S — Si + S2 + S3 + b^. 
So we see that ([55)) is necessary. 



• Necessity of ([54p. We break this into the 3 conditions 

Si + S2 + S3 ^ 1 - &1 - ^2 - 63, Si + S2 + S3 ^ ^ - bj - Si + S2 + S3 ^ -^mm- (59) 

For the first inequality, we take 

B = {\r\^^, le-AK^}, C={|rK^, l^-AK^}, A^{\t\^^, \C + 2\\^^]. 

Then we have ([55|- [57]) with di = d2 — d^ — 2, and (5 = Si + S2 + S3 + 61 + 62 + ^3- Therefore we must 
have si + S2 + S3 ^ 1 — 5i — 62 — 63. 

We now consider the second inequality in ([5^ . By symmetry, it suffices to consider {j, k) S {(1, 2), (1, 3)}. 
Let 

S={|r+e-AK^, le-AK^}, C={|r-e|^;i, IC-A^ A = { |r+e+3AK A, |e+2AK ^}. 

Then ([55l- [F71) hold with di ^ d2 ~ 2, d^ ~ 1, and 5 — si + S2 + S3 + bi + 62- Therefore we must have 
si + S2 + S3 > i — 61 — 62. On the other hand, for the case (j, k) — (1,3), we take 

At ^ r, , a ,^ At , r, . 3A ,^ A- 



B 



{ir+CKl, le-AK^}, C={\r\^-, le-AK-}, A={|r+e+AK-, |e+2AK -}. 



A simple computation shows that (I55I -I57 P are satisfied with di = c?3 = 2, ^2 — 1, and 5 = si + S2 + S3 + 
bi + 63. 

Finally, the third condition in ([59]) follows from the conditions ([50]) and (|5ip . 

□ 
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